We define the current of a quantum observable and connect its ensemble average to the index of an operator. The formalism is applied to the quantization of electrical conductance in atomic wires.
c1) A Hilbert space H. c2) A weakly continuous family of self-adjoint Hamiltonians H ω on H. The index ω leaves in a compact space Ω.
c3) An observable X with continuous spectrum that extends from −∞ to +∞, and such that [X, H ω ] is H ω -relative bounded.
Assume the following:
a1) The existence of a 1-parameter unitary group u a such that:
a2) The invariance of the family H ω relative to the unitary transformations u a , i.e. the existence of a flow t a on Ω such that:
a3) The existence of a measure dP (ω) over the compact set Ω, which is invariant to the flow t a .
The above statements describe the physical systems we focus to in this paper. Below we state the key properties these systems must have for the topological quantization to apply. We are concerned with certain parts of the energy spectrum, where the Hamiltonians H ω have a special behavior. Assume that such a spectral interval s was identified and let F (t) be an arbitrarily shaped smooth function equal to 1 below s and to 0 above s. Using the spectral calculus, we consider the following unitary operators:
The special behavior inside the spectral interval s is related to the fact that we can define a certain kernel. More precisely: p1) Let π ∆ (x) be the spectral projector of X into the interval of size ∆, centered at x ∈ R. The formalism developed in this paper requires that (U ω − I)π ∆ (x) is Hilbert-Schmidt for any finite interval ∆ and x ∈ R and that the limit K(x, x ) = lim ∆→0 1 ∆ 2 Tr{π ∆ (x)(U * ω − I)π ∆ (x )(U ω − I)π ∆ (x)} (4) exists and that it is a continuous function of x and x .
Let us discuss this condition using a typical example. Consider the case of a periodic Schrodinger operator in 2 dimensions and take X to be the first coordinate x 1 . In this case, the trace in the above equation will involve an integration along the second coordinate x 2 , and K(x 1 , x 1 ) can be easily seen to diverge. Now, if the system has an edge along x 1 and the interval s is taken to be a spectral gap of the original periodic Schrodinger operator, then the kernel K(x 1 , x 1 ) is finite because U ω − I sends the spectrum outside the s interval to zero, while the states inside s, generated by the edge, decay exponentially with x 2 . A second condition required by our formalism is that the kernel decays fast with the separation |x − x |:
Usually, this condition is satisfied if the density of states inside s meets certain smoothness conditions. Theorem. Let tr 0 denote the trace over the states of 0 expectation value for X,
and π + the projector onto the positive spectrum of X. In the above conditions:
where the index is independent of ω or the particular choice of F . Here ρ(t) = dF (t)/dt, which is a function with support in s integrating to 1. It represents the statistical distribution of the states.
The quantity tr 0 {ρ(H ω )dX/dt} is a natural definition of the current of X. For example, if X is the spatial coordinate x, then dx/dt is the observable corresponding to the current density of the particles in the x direction. To get the current from the current density, we have to integrate the later over a section of the space, normal to the x direction. The tr 0 does just that.
Technical results
Before starting the proof of our main statement, we want to point out two important consequences of the assumptions p1 and p2 introduced above. It is convenient to introduce from the beginning an approximate spectral projector onto the support of dF/dt. For this, we consider a smooth function G(t) with same properties as F plus the property that is equal to 1/2 on the support of dF/dt. In this case,
leaves invariant the states inside the spectral interval of support of dF/dt. By construction, π s has similar properties as U ω − I. Proof. i) We divide the real axis in equal intervals as shown in Fig. 1 . We denote the spectral projector of X onto the interval ∆ n by π n . We then can proceed as follows.
which, in the limit ∆ → 0, converges to:
ii)
4 Basic properties of tr 0
Here we list three properties of tr 0 , essential for the proof of our main statement.
Property 1. Let χ(x) be a real, positive function such that χ(x)=1 on a small interval near the origin and
Property 2. If {A ω } ω∈Ω and {B ω } ω∈Ω are two invariant families of operators such that χ(X)A ω , A ω χ(X), χ(X)B ω and B ω χ(X) are Hilbert-Schmidt, then:
Property 3. Let {A ω } ω∈Ω be an invariant family of operators such that χ(X)A ω χ(X) are trace class.
Proof of Property 1. We use the invariance of the trace under unitary transformations to write first:
where y n ∈ ∆ n were chosen such that ∆ n χ(y n ) 2 =1. Then,
The affirmation follows by letting M go to infinity and then ∆ to zero. Proof of Property 3. Since [X, A ω ] is also invariant and χ(X)[X, A ω ]χ(X) is trace class, we have
The affirmation follows from the fact that if Q is trace class and R is bounded, then Tr{QR} = Tr{RQ}. This property is proven, for example, in Ref. [10] .
Proof of the main statement
Let π ± be the spectral projector onto the positive/negative spectrum of X and Σ be the signature operator Σ = π + − π − . We start from Connes' result in non-commutative geometry:
which we reformulate in a slightly different format using the following result. 
Moreover,
and the statement follows from Eq. 23.
We continue the main proof. At this point we can write: Figure 1 : Division of the real axis in equal intervals.
.
We now consider the average over ω. Using the fact that the trace of trace-class operators is invariant to unitary transformations and the fact that the measure dP (ω) is invariant to the flow induced by the unitary group u a , we write:
We now use the key observation that:
A graphical representation of this relation is given in Fig. 2 . In the limit ∆ → 0 we have:
where the limit is in norm topology. This leads to:
The integrand in the above equation is finite, which can be seen from the second point of Proposition 1 and Property 1. At this point we need the following result.
Theorem (A Non-Commutative Residue Theorem). Let f (z) be analytic in a strip around the unit circle. If {U ω } ω∈Ω an invariant family of unitary operators such that χ(X)(U ω −I) and (U ω −I)χ(X) are Hilbert-Schmidt, then:
where b 1 is the coefficient appearing in the Laurent expansion:
Figure 2: A graphical representation of the fact that u xn Σu * xn = n (2n + 1)π n .
We continue from Eq. 29, where we replace U * ω − I by
, with f (z) analytic in a strip around the unit circle. We would like to use the expansion of e −2πiF (Hω) in its norm convergent power series. Before doing that, we need to ensure that everything we do stays finite and convergent. We proceed as follows:
and now we use Property 2 to move π 
s }. We now apply the Leibnitz rule on the commutator
and
are Hilbert-Schmidt, we can use again Property 2 to move F (H ω ) m−k−1 π s all the way to the left inside tr 0 . Using the fact that all the operators to the left of the commutator commute, the conclusion will be that
Like in Ref. [5] , we treat the remaining commutator using the identity
withF being the Laplace transform of F . Then: 
for which b 1 =1. Then
and by taking the limit → 0, we obtain:
Finally, as in the proof of Property 2,
which becomes the singular trace of the theorem.
Proof of the Non-Commutative Residue Theorem. In the following, we use the notation ∇U ω for [X,
Since
with g(U ω ) bounded, it follows that
is trace class and from Property 3 we can conclude that:
Now we take f (z) = z −k , k > 2. In this case:
and, for k > 2,
with g (U ω ) bounded, so from Property 3
The conclusion is that:
(nb n + na n ), and the right side above goes to zero as M → ∞ since f (z) is analytic in a strip around the unit circle.
Applications
As an application we consider the quantization of differential conductance in clean atomic wires, which now is a well established experimental fact. We define the transport problem by following Ref. [1] , where the quantization was related to an anomalous commutator, whose trace fails to vanish. Here, we go one step further and connect the quantization with the index of a certain operator. We consider first the 1D free electron gas, described by the Hamiltonian
For this we consider a pair of charge operators Q + and Q − such that:
Q ± are taken as the spectral projectors of the linear momentum p = i d dx onto its positive/negative parts of the spectrum. The driving Hamiltonian at finite electric bias potential v is
The observable X is taken as the position operator x and the unitary group u a is the translation by a. H v is invariant to translations, so the set Ω reduces to just one point and the average over ω becomes irrelevant. The electric current is
where F (H v ) is some, possibly non-equilibrium, statistical distribution. The only requirements we have on F is that it is a smooth function and it is equal to 1 below an energy E m strictly larger than ev and to 0 above an arbitrary large but finite energy E M > E m . The differential conductance is given by
Proposition 3. Define U = exp(−2πiF (H v )∆Q), with ∆Q = Q + − Q − . Then:
Proof. We can verify directly that (U − I)π ∆ (x 0 ) is Hilbert-Schmidt. Indeed, we have:
and the trace of the latest is 2∆ dp 1 − cos 2πF − p
which is finite since the integrand is non-zero only on a finite set. Here the tilde indicated the Fourier transform.
We can also compute the kernel K(x, x ) explicitly:
K(x, x ) = 2π dp e
Because of our assumptions on F ,
is a smooth function of p and thus the above integral is rapidly decaying with the separation |x − x |. More precisely, we can choose arbitrarily large α in p2. It is important to notice that p2 will be violated if the support of dF/dt would have overlap with the spectral edges at the bottom of the spectrum of H v . Then the proof given above applies all the way to Eq. 67, which now reads:
The final equation can be re-aranged to arrive at Eq. 62.
We now state a similar result for the non-interacting electron gas in a periodic potential. The zero bias Hamiltonian is:
where V is a smooth function defined on a circle of length b, ω is a point on this circle and R x represents the rotation of the circle by an angle x. We define the charge operators using the Bloch fibration, i.e. the unitary transformation U :
with H ω (k) the usual Bloch Hamiltonians. It was shown [6, 7] that the spectral projectors P ω,n (k) onto the discrete eigenvalues of the Bloch Hamiltonians are part of a Riemann structure, i.e. we can view P ω (k) as defined on path γ lying on a Riemann surface and whenever P ω (k) is evaluated on the n-th Riemann surface one obtains back P ω,n (k). The charge operators can be defined as:
where γ± are the sections of the path γ where
respectively. These charge operators simply split the Hilbert space into right and left moving Bloch waves. We define the driving Hamiltonian, H ω,v at finite electric bias potential as above.
We consider now a smooth statistical distribution F (t) with the constraint that we now explain. At zero bias potential, the spectrum of H ω,0 consists of intervals, called energy bands, that are separated by spectral gaps. The spectrum is everywhere doubly degenerate. At finite bias potential, half of the states in each band move up by ev and half of them move down by −ev. Thus, at finite bias potential, 4 spectral edges appear for each band. The constrained we need to impose on F (t) is that the support of dF/dt does not contain any of the spectral edges of H ω,v . With the charge current and the differential conductance g(ω) defined as before, we have: Proposition 4. Define U ω = exp(−2πiF (H ω,v )∆Q ω ). Then:
We can state a similar result for periodic molecular chains in 3 dimensions. To avoid unnecessary technical complications, we consider the molecular chain enclosed in a cylinder D × R, where D is a disk of large but finite radius, and Dirichlet boundary conditions are considered on this cylinder. The zero bias Hamiltonian describing a molecular chain oriented along the z direction is:
where V is a smooth function defined on D × S, where S is a circle of length b (the size of the unit cell) and ω is a point on this circle. R z represents again the rotation of the circle by an angle z. We define the charge operators using the Bloch fibration along the z direction:
such that
with H ω (k) the Bloch Hamiltonians. It was recently shown [7] that for molecular chains too, the projectors P n,ω (k) are part of a Riemann structure and, as for one dimensional case, we can view P ω (k) as defined on a path lying on a Riemann surface. Then we can define the charge operators in a completely equivalent way:
Then, if F is a statistical distribution such that the support of dF/dt contains no spectral edges, then:
Proposition 5. Define U ω = exp(−2πiF (H ω,v )∆Q ω ). Then:
